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The natural constraints for the weak-field approximation to composite gravity, which is obtained
by expressing the gauge vector fields of the Yang-Mills theory based on the Lorentz group in terms
of tetrad variables and their derivatives, are analyzed in detail within a canonical Hamiltonian
approach. Although this higher derivative theory involves a large number of fields, only few degrees
of freedom are left, which are recognized as selected stable solutions of the underlying Yang-Mills
theory. The constraint structure suggests a consistent double coupling of matter to both Yang-
Mills and tetrad fields, which results in a selection among the solutions of the Yang-Mills theory
in the presence of properly chosen conserved currents. Scalar and tensorial coupling mechanisms
are proposed, where the latter mechanism essentially reproduces linearized general relativity. In the
weak-field approximation, geodesic particle motion in static isotropic gravitational fields is found
for both coupling mechanisms. An important issue is the proper Lorentz covariant criterion for
choosing a background Minkowski system for the composite theory of gravity.
PACS numbers: 04.50.Kd
I. INTRODUCTION
Einstein’s general theory of relativity may not be the
final word on gravity. As beautiful and successful as it is,
it seems to have serious problems both on very small and
on very large length scales. A problem on small length
scales is signaled by 90 years of unwavering resistance
of general relativity to quantization. A problem on the
largest length scales is indicated by the present search
for “dark energy” to explain the accelerated expansion
of the universe within general relativity. These problems
provide the main motivation for continued research on al-
ternative theories of gravity (see, for example, the broad
review [1] of extended theories of gravity).
A composite higher derivative theory of gravity has
recently been proposed in [2]. The general idea of a com-
posite theory is to specify the variables of a “workhorse
theory” in terms of more fundamental variables and their
time derivatives [3, 4]. The occurrence of time derivatives
in the “composition rule” leads to a higher derivative the-
ory, which is naturally tamed by the constraints resulting
from the composition rule. For the composite theory of
gravity proposed in [2], the underlying workhorse the-
ory is the Yang-Mills theory [5] based on the Lorentz
group and the composition rule expresses the correspond-
ing gauge vector fields in terms of the tetrad or vier-
bein variables providing a Cholesky-type decomposition
of a metric. As a consequence of the composite structure
of the proposed theory, it differs significantly from con-
tentious previous attempts [6–8] to turn the Yang-Mills
theory based on the Lorentz group into a theory of grav-
ity.
Whereas the original formulation of composite grav-
ity in [2] was based on the Lagrangian framework, we
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here switch to the Hamiltonian approach. As a Hamilto-
nian formulation separates time from space, it certainly
cannot provide the most elegant formulation of relativis-
tic theories. However, the Hamiltonian framework has
clear advantages by offering a natural formulation of
constraints and a straightforward canonical quantization
procedure. For bringing constraints and quantization to-
gether, we here establish the constraints resulting from
the composition rule as second class constraints that can
be treated via Dirac brackets [9–11], whereas gauge con-
straints can be handled separately by BRST quantization
(the acronym derives from the names of the authors of
the original papers [12, 13]; see also [14, 15]). Moreover,
the Hamiltonian approach provides the natural starting
point for a generalization to dissipative systems. In par-
ticular, this approach allows us to formulate quantum
master equations [16–19] and to make gravity accessible
to the robust framework of dissipative quantum field the-
ory [20].
The number of fields involved in the composite theory
of gravity is enormously large. Each Yang-Mills vector
field has four components satisfying second-order differ-
ential equations so that, in the Hamiltonian approach,
four additional conjugate momenta are required. For the
Lorentz group, the six Yang-Mills vector fields associ-
ated with six infinitesimal generators (three rotations,
three boosts) thus result in 6 × 8 = 48 fields. Gauge
constraints eventually reduce this number of degrees of
freedom by a factor of two (simply speaking, among the
four components of a vector field, only the two trans-
verse components carry physical information). In addi-
tion, we consider 16 tetrad or vierbein variables, again
coming with conjugate momenta, so that we deal with
a total of 48 + 32 = 80 fields in our canonical Hamilto-
nian approach. Actually, this is not even the end of the
story as additional ghost fields would be introduced in the
BRST approach for handling the gauge constraints. Our
2approach differs from the traditional Hamiltonian for-
mulation of general higher derivative theories developed
by Ostrogradsky [21–23]. The Ostrogradsky framework
would involve only 4× 16 = 64 fields, but would possess
much less structure and less natural constraints [3]. A
key task of the present paper is to elaborate in detail in
the context of the linearized theory that the constraints
from the composition rule, together with the gauge con-
straints, reduce this enormous number of fields to just a
few degrees of freedom, as expected for a theory of grav-
ity. Another important task of the present discussion of
the weak-field approximation is to provide guidance for
the discussion of the fully nonlinear composite theory of
gravity. Understanding the structure of the constraints
is helpful also for proper coupling of the gravitational
field to matter. Whereas the coupling of the Yang-Mills
fields to matter was considered previously [2], we here
introduce a properly matched additional coupling of the
tetrad fields to matter.
The structure of the paper is as follows. In a first
step, we introduce the space of 80 fields for our canoni-
cal Hamiltonian formulation of linearized composite grav-
ity, with special emphasis on gauge transformations and
the implications of the composition rule (Section II). For
the pure field theory in the absence of matter, we elabo-
rate all evolution equations and constraints in detail and
we readily find the solutions for gravitational waves and
static isotropic systems (Section III). We subsequently
introduce a double coupling mechanism for Yang-Mills
and tetrad fields to matter into composite gravity. The
modifications resulting from the inclusion of matter are
elaborated to obtain a complete theory of gravity that
can be compared to linearized general relativity (Sec-
tion IV). We finally summarize our results and draw a
number of conclusions (Section V). The relation between
the Lagrangian and Hamiltonian approaches and some
intermediate and additional results are provided in three
appendices.
II. ARENA FOR COMPOSITE THEORY
For developing the composite theory of gravity, we con-
sider a fixed background Minkowski space where x0 = ct
is the product of the speed of light and time, x1, x2, x3
are the spatial coordinates, and ηµν = η
µν denotes the
Minkowski metric [with signature (−,+,+,+)]. Greek
indices go from 0 to 3. The Minkowski metric, which
is its own inverse, is always used for raising or lower-
ing space-time indices. Throughout this paper we set
the speed of light equal to unity (c = 1). Assuming a
background Minkowski space comes with the advantage
of offering a clear understanding of energy, momentum
and their conservation laws.
A. Tetrad variables and gauge vector fields
Standard tetrad or vierbein variables bκµ result from a
Cholesky-type decomposition of a metric gµν ,
gµν = ηκλ b
κ
µb
λ
ν , (1)
which may also be interpreted as a coordinate transfor-
mation associated with a local set of base vectors. The
non-uniqueness of this decomposition is the source of the
gauge transformation behavior discussed in the next sub-
section. In the weak-field approximation, we write
bκµ = δ
κ
µ + η
κλhˆλµ, (2)
where hˆλµ is assumed to be small so that we need to keep
only the lowest-order terms. It is convenient to define the
symmetric and antisymmetric parts of hˆµν ,
hµν = hˆµν + hˆνµ, ωµν = hˆµν − hˆνµ. (3)
In the weak-field approximation, we obtain the following
first-order expression for the metric (1),
gµν = ηµν + hµν . (4)
We denote the conjugate momenta associated with bκµ
by pκ
µ. Again, it is useful to introduce the symmetric
and antisymmetric parts,
h˜µν = pµν + pνµ, ω˜µν = pµν − pνµ. (5)
The 32 fields bκµ and pκ
µ represent the canonical space
associated with the tetrad variables, which in turn char-
acterize a metric. The fields h˜µν and ω˜µν may essentially
be regarded as the conjugate momenta associated with
hµν and ωµν , respectively (after properly accounting for
normalization and symmetrization effects).
The Hamiltonian description of a Yang-Mills theory is
based on the four-vector fields Aaµ and their conjugates
Eaµ, which are the generalizations of the vector poten-
tials and the electric fields of electrodynamics, respec-
tively. Whereas µ is the usual space-time index, a labels
the base vectors of the Lie algebra associated with the
underlying Lie group. For the Lorentz group, which con-
sists of the real 4 × 4 matrices that leave the Minkowski
metric invariant, the Lie algebra is six-dimensional. We
here choose six natural base vectors of the Lie algebra,
three of which generate the Lorentz boosts in the coor-
dinate directions and the other three generate rotations
around the coordinate axes. It is convenient to switch
back and forth between the labels a = 1, . . . 6 for all
six generators and the pairs (0, 1), (0, 2), (0, 3) for the
boosts in the respective directions (involving also time)
and (2, 3), (3, 1), (1, 2) for the rotations in the respective
planes according to Table I. In particular, we can now
write our base vectors of the Lie algebra as
T aκλ = δ
κ˜
λ δ
λ˜
κ − δκ˜κ δλ˜λ. (6)
3a 1 2 3 4 5 6
(κ˜, λ˜) (0, 1) (0, 2) (0, 3) (2, 3) (3, 1) (1, 2)
TABLE I. Correspondence between label a for the base vec-
tors of the six-dimensional Lie algebra so(1, 3) and ordered
pairs (κ˜, λ˜) of space-time indices.
We finally need to specify the composition rule for ex-
pressing the four-vector fields Aaµ in terms of the tetrad
fields bκµ or, in view of Eq. (2) equivalently, the symmet-
ric and antisymmetric parts hµν and ωµν , respectively, of
hˆµν . For a = (κ˜, λ˜) according to Table I, we postulate
the simple composition rule
Aaµ =
1
2
(
∂hλ˜µ
∂xκ˜
− ∂hκ˜µ
∂xλ˜
)
+
1
2g˜
∂ωκ˜λ˜
∂xµ
, (7)
where g˜ is a dimensionless coupling constant that controls
the relative weight of the symmetric and antisymmetric
contributions to bκµ. Only for g˜ = 1, the four-vector
variables (7) can be interpreted as a connection field [2].
Such an interpretation would be essential for a closer re-
lation to general relativity.
B. Gauge transformations
As the Minkowski metric in the decomposition (1) is
invariant under Lorentz transformations, the correspond-
ing transformation matrices can be applied to the fac-
tors bκµ without changing the metric. For infinitesimal
Lorentz transformations, this implies the lowest-order
gauge transformation
δbκλ = −g˜ΛaT aκλ, (8)
in terms of six additional fields Λa. As the base vectors
T aκλ of the Lie algebra defined in Eq. (6) are antisym-
metric, only the antisymmetric part of bκλ is affected by
gauge transformations, that is,
δhκλ = 0, (9)
whereas
δωκλ = −2g˜ΛaT aκλ. (10)
The latter equation suggests that the six fields Λa can
be chosen to make the six components of ωκλ equal to
zero. We refer to this particular choice as the symmetric
gauge.
From Eqs. (7), (9) and (10), we further obtain
δAaµ =
∂Λa
∂xµ
, (11)
which is the proper gauge transformation behavior for the
gauge-vector fields of the linearized theory. This transfor-
mation rule implies gauge invariance of the combination
2g˜A(κ˜λ˜)µ −
∂ωκ˜λ˜
∂xµ
, (12)
which is obvious from the definition (7) and the gauge
invariance of hκλ.
We moreover assume that all conjugate momenta are
gauge invariant (cf. Eq. (49) of [15]),
δEaµ = 0, (13)
and
δpκλ = 0. (14)
It turns out below that the assumption (13) requires that
∂Aaµ/∂xµ must be a gauge invariant quantity. In view
of Eq. (11), this implies
∂2Λa
∂xµ∂xµ
= 0. (15)
In other words, the fields Λa generating gauge transfor-
mations must become dynamic players and satisfy free
field equations. This idea is the basis of the BRST ap-
proach for handling gauge constraints. Moreover, we con-
clude
∂2ωκλ
∂xµ∂xµ
= 0, (16)
which follows from the symmetric gauge ωκλ = 0 and the
gauge invariance of the left-hand side.
C. Implications of composition rule
The composition rule (7) contains two types of equa-
tions. If κ˜ or µ is equal to zero, it contains time deriva-
tives and hence implies time evolution equations for the
tetrad variables. Otherwise, the composition rule pro-
vides constraints that must be satisfied at any time.
The expressions for A(0k)l + A(0l)k and A(kl)0 lead to
the unambiguous evolution equations
∂hkl
∂t
=
1
2
(
∂h0l
∂xk
+
∂h0k
∂xl
)
+ A(0k)l +A(0l)k −
1
2g˜
(
∂ω0l
∂xk
+
∂ω0k
∂xl
)
, (17)
and
∂ωkl
∂t
= 2g˜A(kl)0 − g˜
(
∂h0l
∂xk
− ∂h0k
∂xl
)
. (18)
The expression for A(0l)0 provides only the time deriva-
tive of g˜h0l + ω0l, and there is no evolution equation for
h00 whatsoever. Once we have made a decision about
the evolution of h0µ, all evolution equations are fixed
uniquely.
Choosing four conditions for h0µ is superficially rem-
iniscent of imposing coordinate conditions for obtaining
unique solutions in general relativity, but the logical sta-
tus is entirely different. Whereas the coordinate condi-
tions of general relativity have no influence on the phys-
ical predictions of general relativity, in the canonical for-
mulation of composite gravity suitable conditions for h0µ
4are used to characterize “good” or “valid” Minkowskian
coordinate systems. If these conditions are Lorentz co-
variant, we have no possibility of switching between dif-
ferent types of conditions corresponding to different phys-
ical predictions. As obvious as these remarks may be,
the proper appreciation of coordinate conditions in gen-
eral relativity was a slow process, in which even Einstein
could not easily detach himself from the idea of physically
preferred coordinate systems [24].
An appealing set of Lorentz covariant conditions is
given by
∂hµν
∂xν
= K
∂hνν
∂xµ
, (19)
where K = 1/2 corresponds to particularly convenient
harmonic coordinates (in the linear approximation). We
here adopt the conditions (19) as the tentative criteria for
physically meaningful coordinates. They can be rewrit-
ten as explicit time evolution equations, namely
∂h0l
∂t
=
∂hln
∂xn
−K ∂h
ν
ν
∂xl
, (20)
and
∂h00
∂t
=
∂h0l
∂xl
− K
1−K
[
2A(0l)l −
1
g˜
∂ω0l
∂xl
]
. (21)
From the expression for A(0l)0, we finally obtain
∂ω0l
∂t
= 2g˜A(0l)0 + g˜
[
(1 −K)∂h00
∂xl
+K
∂hnn
∂xl
− ∂hln
∂xn
]
.
(22)
All the above evolution equations are gauge invariant.
These evolution equations suggest that also K = 0 could
be an appealing choice.
We now turn from the evolution equations to the con-
straints implied by the composition rule. The obvious
constraints are obtained by choosing only spatial indices
in Eq. (7),
A
(kl)
j =
1
2
(
∂hjl
∂xk
− ∂hjk
∂xl
)
+
1
2g˜
∂ωkl
∂xj
. (23)
Further constraints are obtained by considering A(0k)l −
A(0l)k,
A
(0k)
l −A(0l)k =
1
2
(
∂h0l
∂xk
− ∂h0k
∂xl
)
+
1
2g˜
(
∂ω0l
∂xk
− ∂ω0k
∂xl
)
.
(24)
In total, we have turned the composition rule for the
24 components of the gauge vector fields and the 4 co-
ordinate conditions (19) into the 16 evolution equations
(17), (18) and (20)–(22) for the tetrad variables and the
9 + 3 = 12 constraints (23), (24). We refer to these con-
straints resulting directly from the composition rule as
the primary constraints of the composite theory. These
primary constraints are not affected by coupling the grav-
itational field to matter. However, the evolution equa-
tions for the tetrad variables should be expected to be
changed by coupling terms in the Hamiltonian.
III. PURE FIELD THEORY
We are now ready to define the canonical Hamiltonian
version of the composite theory of gravity in the weak-
field approximation on the combined space of Yang-Mills
and tetrad fields, following the general ideas developed in
[4]. We first provide the Hamiltonian and then elaborate
a number of its implications.
A. Hamiltonian
The Hamiltonian for the composite theory of pure
gravity,
H = HYM +HYM/t, (25)
consists of two contributions describing the workhorse
theory and reproducing the evolution equations obtained
from the composition rule, respectively. Our workhorse
theory is the linearized version of the Yang-Mills theory
based on the Lorentz group on the space (Aaµ, E
aµ). The
proper Hamiltonian is given by (see, e.g., Section 15.2 of
[25], Chap. 15 of [26], or [15]; a derivation from the Yang-
Mills Lagrangian is given in Appendix A),
HYM =
∫ [
1
2
(
EaµEaµ +
∂Aai
∂xj
∂Aai
∂xj
− ∂Aai
∂xj
∂Aaj
∂xi
)
− Ea0 ∂Aaj
∂xj
− Eaj ∂Aa0
∂xj
]
d3x. (26)
The Hamiltonian for coupling the Yang-Mills and tetrad
variables,
HYM/t =
∫
b˙κλ p
κλ d3x
=
1
4
∫ (
∂hκλ
∂t
h˜κλ +
∂ωκλ
∂t
ω˜κλ
)
d3x, (27)
is chosen such that the canonical evolution equations
∂bκλ
∂t
=
δH
δpκλ
,
∂pκλ
∂t
= − δH
δbκλ
, (28)
reproduce the evolution equations (17), (18) and (20)–
(22) for the tetrad variables. These evolution equations
implied by the composition rule and the coordinate con-
ditions (19) are of crucial importance for finding the
Hamiltonian HYM/t, that is, for obtaining the complete
canonical Hamiltonian formulation of the composite the-
ory.
We have introduced the variables pκλ in a purely for-
mal manner as the conjugate momenta of the tetrad vari-
ables. At this point, we can offer a physical interpreta-
tion. Note that, in view of the evolution equations of
the tetrad variables, the Hamiltonian HYM/t contains a
contribution that is bilinear in the variables pκλ and the
5gauge vector fields Aaµ. This contribution can be written
in the form −JaµAaµ with the identifications
−J (0l)0 = g˜ω˜0l, −J (0l)j = 1
2
h˜lj− 1
2
K
1−K h˜
00ηlj , (29)
and
− J (kl)0 = g˜ω˜kl, −J (kl)j = 0. (30)
The symmetric and antisymmetric parts of the variables
pκλ play the role of external Yang-Mills fluxes. By re-
quiring Lorentz covariant fluxes, Eq. (30) immediately
leads to the conclusion
ω˜kl = 0. (31)
Only the external fluxes J (0l)µ can be nonvanishing in
our composite Yang-Mills theory of gravity.
B. Field equations
For the evolution of the conjugate momenta of the
tetrad variables, we find the following results by means
of Eq. (28):
∂h˜kl
∂t
=
∂(h˜0k − g˜ω˜0k)
∂xl
+
∂(h˜0l − g˜ω˜0l)
∂xk
− 2Kδkl ∂(h˜
0n − g˜ω˜0n)
∂xn
, (32)
∂h˜00
∂t
= 2K
∂h˜0l
∂xl
+ 2g˜ (1−K) ∂ω˜
0l
∂xl
, (33)
∂h˜0l
∂t
=
1
2
∂h˜ln
∂xn
+
1
2
∂h˜00
∂xl
, (34)
∂ω˜0l
∂t
= − 1
2g˜
∂h˜ln
∂xn
+
1
2g˜
K
1−K
∂h˜00
∂xl
, (35)
and
∂ω˜kl
∂t
= 0. (36)
Note that these equations for the conjugate momenta of
the tetrad variables are independent of any other vari-
ables. The last of these evolution equations is consistent
with our previous conclusion (31). According to the def-
inition (29), Eq. (35) can be rewritten as
∂J (0l)µ
∂xµ
= 0, (37)
which supports our interpretation of conjugate tetrad
variables in terms of conserved fluxes.
The evolution equations for the Yang-Mills fields are
obtained from (note the sign conventions)
∂Aaµ
∂t
= − δH
δEaµ
,
∂Eaµ
∂t
=
δH
δAaµ
. (38)
The resulting equations can be written in the following
form:
∂Aa0
∂t
= −Ea0 +
∂Aan
∂xn
, (39)
and
∂Aaj
∂t
= −Eaj +
∂Aa0
∂xj
, (40)
for the gauge vector fields, whereas their conjugate part-
ners are governed by
∂E
(0l)
0
∂t
= −∂E
(0l)
n
∂xn
− J (0l)0 , (41)
∂E
(kl)
0
∂t
= −∂E
(kl)
n
∂xn
, (42)
∂E
(0l)
j
∂t
= −∂E
(0l)
0
∂xj
− ∂
2A
(0l)
j
∂xn∂xn
+
∂2A
(0l)
n
∂xj∂xn
− J (0l)j , (43)
and
∂E
(kl)
j
∂t
= −∂E
(kl)
0
∂xj
− ∂
2A
(kl)
j
∂xn∂xn
+
∂2A
(kl)
n
∂xj∂xn
. (44)
Note that these evolution equations are gauge invari-
ant, provided that Eq. (15) for Λa holds. These are the
linearized standard field equations for Yang-Mills fields,
which are strongly reminiscent of Maxwell’s equations of
electrodynamics.
Equation (40), together with the representation (7),
implies the useful identity
E
(ln)
k + E
(nk)
l + E
(kl)
n = 0. (45)
This identity remains valid when we later include matter
[that is, it can more generally be derived from Eq. (B6)].
C. Constraints
The primary constraints (23), (24) must be valid at
all times. From the time derivative of the primary con-
straints we obtain secondary constraints, a further time
derivative yields tertiary constraints, and so on. This it-
erative process, in which the required time derivatives
are evaluated by means of the evolution equations, is
continued until no further constraints arise. The cru-
cial question is whether the iterative process stops before
all degrees of freedom are fixed by constraints. As the
6introduction revealed that, in the canonical Hamiltonian
formulation of composite gravity, we are dealing with 80
fields, we need around 75 constraints to obtain an ap-
propriate number of degrees of freedom for a theory of
gravity.
The secondary constraints obtained as the time deriva-
tives of the primary constraints can be formulated nicely
in terms of Yang-Mills variables,
E
(kl)
j =
∂A
(0j)
l
∂xk
− ∂A
(0j)
k
∂xl
, (46)
E
(0l)
k = E
(0k)
l , (47)
and the tertiary constraints are subsequently obtained as
∂E
(kl)
0
∂xj
− ∂E
(0j)
l
∂xk
+
∂E
(0j)
k
∂xl
=
∂
∂xn
(
∂A
(kl)
n
∂xj
− ∂A
(kl)
j
∂xn
)
,
(48)
∂E
(0l)
0
∂xk
− ∂E
(0k)
0
∂xl
=
∂E
(kl)
n
∂xn
. (49)
The latter constraint has been simplified by means of the
identity (45). Note that these tertiary constraints can be
used to rewrite the evolution equations (42) and (44) as
∂E
(kl)
0
∂t
=
∂E
(0k)
0
∂xl
− ∂E
(0l)
0
∂xk
, (50)
and
∂E
(kl)
j
∂t
=
∂E
(0j)
k
∂xl
− ∂E
(0j)
l
∂xk
. (51)
Up to this point, the variables pκλ do not appear in the
constraints. From now on, only the variables pκλ occur
in the constraints. In the next round, we find
∂J (0l)j
∂xk
− ∂J
(0k)j
∂xl
= 0, (52)
∂J (0l)0
∂xk
− ∂J
(0k)0
∂xl
= 0. (53)
As we assume that, in the absence of matter, the exter-
nal fluxes (29) vanish, these last conditions are satisfied
trivially so that the hierarchy of constraints ends at this
point.
We have arrived at a total of 4 × 12 = 48 constraints
resulting from the composition rule, supplemented by the
three constraints (31) so that the total is 51. All these
constraints are gauge invariant. This is a consequence of
the fact that the composition rule is designed such that
the four-vector fields Aaν possess the proper gauge trans-
formation behavior (11) and all the evolution equations
are gauge invariant. We eventually argue in favor of the
16 constraints pκλ = 0 (or h˜κλ = ω˜κλ = 0), which would
replace the 15 constraints (31), (52), (53) and actually
increase the count by one.
In a Yang-Mills theory, half of the degrees of freedom
can be eliminated by gauge constraints (roughly speak-
ing, the four-vector potentials have only transverse com-
ponents, no longitudinal or temporal ones). In our case,
we have 24 gauge constraints, which brings us to a to-
tal of 75 (or 76) constraints for our 80 fields. It is quite
remarkable that just a few of the 80 degrees of freedom
survive, as we would expect for a theory of gravity.
D. Compact form of theory
The goal of this subsection is to find a closed set of
differential equations for the tetrad variables. To reach
this goal it is important to express all the Yang-Mills
variables in terms of the tetrad variables. For the vector
fields Aaµ, the desired expression is given by the composi-
tion rule (7). Their conjugates Eaµ can then be extracted
from the evolution equations (39), (40) (see Appendix B
for a summary of the resulting expressions).
As we have already recognized J (0l)µ = 0 = ω˜kl,
Eqs. (32)–(36) imply that all conjugate tetrad variables
must be constant and can be assumed to be zero,
pκλ = 0. (54)
This is a very desirable condition for the natural canoni-
cal Hamiltonian approach to composite theories. As the
conjugate momenta pκλ appear linearly in the Hamilto-
nian (27), they lead to an unbounded Hamiltonian and
consequently to the famous risk of instabilities in higher
derivative theories [21, 22]. Avoiding such instabilities is
an important topic, in particular, in alternative theories
of gravity [27–34]. The constraints (54) provide the most
obvious way of eliminating instabilities in the canoni-
cal Hamiltonian approach to composite higher derivative
theories, which differs from the usual Ostrogradsky ap-
proach [3, 4]. Moreover, this constraint implies that we
have to solve the original Yang-Mills equations without
any modification. In other words, the composite theory
simply selects solutions of the Yang-Mills theory based
on the Lorentz group to obtain the composite theory of
gravity. This insight provides a more direct argument for
the stability of solutions. Note that the large number of
constraints and the small number of remaining degrees
of freedom indicates that the composite theory is highly
selective.
From Eq. (44) we obtain
∂2hkl
∂xµ∂xµ
=
∂2f
∂xk∂xl
, (55)
where the unknown function f results from integration,
and similarly Eq. (42) gives
∂2h0l
∂xn∂xn
=
∂f0
∂xl
. (56)
7Equations (41) and (43) provide further integrability con-
ditions that can be exploited in a similar manner. Con-
solidating all the results, we get the following compact
formula summarizing the linear version of the composite
theory of pure gravity on the level of tetrad variables,
∂2hµν
∂xλ∂xλ
=
∂2f
∂xµ∂xν
, (57)
possibly after a minor redefinition of f .
An interesting feature of these field equations is that
the function f , which results from integration, needs to
be determined simultaneously with the solutions hµν . We
arrive at a set of second-order differential equations be-
cause higher derivative equations play the role of inte-
grability conditions. The coupling constant g˜ does not
occur in these equations. Possible antisymmetric contri-
butions to the tetrad variables are governed by the wave
equations (16), and all conjugate momenta of the tetrad
variables must vanish according to Eq. (54).
E. Comparison to general relativity
Einstein’s field equation for pure gravity in the weak-
field approximation to general relativity is given by a
vanishing curvature tensor [see Eq. (A18)],
∂2hµν
∂xλ∂xλ
− ∂
2hλµ
∂xλ∂xν
− ∂
2hλν
∂xµ∂xλ
+
∂2hλλ
∂xµ∂xν
= 0. (58)
It is important to note that the coordinates xµ in gen-
eral relativity are not associated with an underlying
Minkowski space so that these field equations can be sim-
plified by suitable general coordinate transformations. If
we impose the same coordinate conditions (19) as used in
composite gravity, the field equations (58) of linearized
general relativity simplify to
∂2hµν
∂xλ∂xλ
= (2K − 1) ∂
2hλλ
∂xµ∂xν
. (59)
This equation coincides with Eq. (57) for composite grav-
ity for f = (2K − 1)hλλ. It becomes particularly simple
for harmonic coordinates with K = 1/2, which may be
pictured as nearly Minkowskian (see, e.g., pp. 163 and
254 of [35]).
As in general relativity, the solutions for the deviatoric
metric hµν in harmonic coordinates can assume all kinds
of polarization states, including longitudinal and tempo-
ral components. The actual polarization of gravitational
waves depends on the nature of their source (typically
binary systems of two black holes, two neutron stars, or
a black hole and a neutron star during their in-spiral or
merger phases).
F. Static isotropic solution
To find the static isotropic solution for the weak-field
approximation to composite gravity for the coordinate
conditions (19), we start from the general ansatz
h00 = β¯(r), hkl = α¯(r)δkl+ ξ¯(r)
xkxl
r2
, h0k = hk0 = 0,
(60)
with r = (x21 + x
2
2 + x
2
3)
1/2. The coordinate conditions
(19) become
r
[
(3K − 1)α¯′ −Kβ¯′ + (K − 1)ξ¯′
]
= 2ξ¯. (61)
A prime on a function of r indicates the derivative with
respect to r.
We assume that also f in Eq. (57) is static and
isotropic. With f = f(r), Eq. (57) leads to two equa-
tions,
r2β¯′′ + 2rβ¯′ = 0, (62)
and
xkxl
r2
(
r2ξ¯′′ + 2rξ¯′ − 6ξ¯ − r2f ′′ + rf ′) =
δkl
(
rf ′ − 2ξ¯ − r2α¯′′ − 2rα¯′) , (63)
where each side of the latter equation must vanish sepa-
rately.
All these equations are of the equidimensional type,
that is, in each term there are as many factors of r as
there are derivatives with respect to r, suggesting simple
power-law solutions. Equation (62) implies β¯′ ∝ r−2 and
we hence write
β¯(r) = 2
r0
r
, (64)
where r0 is a constant length scale and a possible ad-
ditive constant has been omitted to obtain asymptotic
Minkowskian behavior. Equation (61) suggests that α¯
has the same power-law decay, so that the right-hand
side of Eq. (63) implies rf ′ = 2ξ¯. Equation (61) provides
a relation among prefactors, so that we can write
α¯(r) =
c¯
1−K
r0
r
, ξ¯(r) =
c¯− (3c¯− 2)K − 2K2
1−K2
r0
r
.
(65)
Consistency with general relativity, which implies a van-
ishing curvature tensor, requires c¯ = 1. The condition
c¯ = 1 is not predicted by the weak-field approximation of
pure composite gravity, but it arises naturally in the full,
nonlinear theory or from a suitable coupling to matter
(see Section IVE below).
IV. COUPLING OF FIELD TO MATTER
Of course, we cannot really appreciate a theory of the
gravitational field without coupling it to matter. On the
one hand, we want to understand the gravitational field
generated by matter, say for calculating the parameters
c¯ and r0 in the solution given in Eq. (65). On the other
hand, we want to understand the motion of matter in a
gravitational field.
8The most convenient options for describing matter are
given by point particle mechanics or hydrodynamics. We
here consider a single point particle either generating a
gravitational field or moving in a gravitational field.
A. Particle in a gravitational field
As a starting point for discussing particle motion in a
weak gravitational field, we use the first-order expansion
of the standard Hamiltonian,
Hm = γm− 1
2γm
pµpνh
µν , (66)
where m is the rest mass of the particle, hµν depends on
the particle position xj , the particle momentum is given
by pj , and we define −p0 = p0 = mγ, where
γ =
[
1 +
(
p
m
)2] 12
, (67)
is a function of the spatial components pj of the particle
momentum. When a higher order definition of p0 is re-
quired, one should use p0 = Hm, where Eq. (66) provides
the first-order result in hµν . The lowest-order energy-
momentum tensor is given by (see, e.g., Eq. (2.8.4) of
[35])
Tµν = −2 δHm
δhµν
=
pµpν
γm
δ3(x− x(t))
= γm
dxµ
dt
dxν
dt
δ3(x− x(t)), (68)
where the lowest-order result pj = mγ dxj/dt has been
used. The evolution equation dpj/dt = 0 for a free par-
ticle in the absence of gravity leads to the result
∂Tµν
∂t
= −∂Tµν
∂xj
dxj
dt
=
pj
p0
∂Tµν
∂xj
, (69)
from which, for ν = 0, we obtain energy-momentum con-
servation in the form
∂T µν
∂xν
= 0. (70)
By construction, the Hamiltonian (66) leads to
geodesic motion in a weak field. The potential distortion
of geodesic motion by further couplings between matter
and field is explored in Section IVG below.
B. Hamiltonian for coupling field and matter
The occurrence of hµν in the Hamiltonian (66) already
implies a coupling of field and matter. It leads to geodesic
motion in the given field hµν , but it does not provide
meaningful field equations for determining gravitational
fields. For that purpose we need to couple the Yang-
Mills field to the energy-momentum tensor of matter. In
Quantities Dimensions
gµν , b
κ
µ, hµν , ωµν , ΛE —
Aaν , H L
−1
Eaν , B
a
ν , F
a
µν , R
µν L−2
pκλ, h˜κλ, ω˜κλ L−3
Vκλ M
Tµν L
−3M
G, G1, G2 LM
−1
TABLE II. Dimensions of various quantities in terms of length
(L) and mass (M) for c = 1.
Appendix A, the details of the coupling are discussed in
a Lagrangian setting, and the following Hamiltonian for
the coupling is obtained,
HYM/m =
∫ (
F
(λn)
jn C
j
λ − E(λj)j C0λ − E(0l)j Cj l
)
d3x,
(71)
with
Cµν = G1 T˚µν +G2 ηµνT
λ
λ, (72)
where T˚µν is the traceless part of the energy-momentum
tensor of matter defined in Eq. (A10) and the coefficients
G1, G2 must have the same dimensions as Newton’s con-
stant G (cf. Table II). The concrete values of G1, G2 can
only be chosen once we have elaborated all the equations
for gravitational fields coupled to matter.
The Lagrangian associated with the Hamiltonian (71)
for the coupling of the Yang-Mills field to matter has
previously been proposed in Eqs. (51) and (52) of [2].
We here introduce an additional coupling of the tetrad
field to matter,
Ht/m =
∫
Vκλ p
κλ d3x, (73)
where, for the linearized theory, Vκλ can be assumed to be
a symmetric tensor to be constructed from the energy-
momentum tensor of matter (more precisely, the time
derivative of Vκλ turns out to be a tensor; the defining
equations and more insight into the role of the indices
are provided in Section IVD). The idea behind this ad-
ditional coupling is as follows. In the absence of mat-
ter, the composite theory selects solutions from a pure
Yang-Mills theory, which is a consequence of the vanish-
ing conjugate momenta pκλ of the tetrad variables es-
tablished in Eq. (54). In the presence of matter, it is
more natural to select solutions of the Yang-Mills theory
with suitable external fluxes, so that the conjugate mo-
menta pκλ should no longer be expected to vanish. Use
of the separate Hamiltonian (73) in addition to the pre-
viously suggested coupling mechanism (71) allows us to
find a consistently tuned coupling of both Yang-Mills and
tetrad fields to matter. Note that the “general wisdom”
about the possibilities of coupling gravity to matter [36–
38] is not beyond all doubt [39] and, in the context of
composite theories, this coupling can be even richer.
9For obtaining the composite theory of gravity in the
presence of matter, we would like to add the Hamiltoni-
ans HYM/m, Ht/m and Hm introducing the coupling of
field and matter to the Hamiltonian (25) of pure gravity.
However, there is a problem. With the help of Table II,
we realize that the Hamiltonian (25) has dimension of
length−1, and so does the Hamiltonian HYM/m defined
in Eq. (71). The dimensions of the Hamiltonian Ht/m de-
fined in Eq. (73) can still be adjusted by the definition of
Vκλ. However, the Hamiltonian Hm defined in Eq. (66)
has dimensions of mass, which is what we actually expect
for a Hamiltonian when using the speed of light as the
unit for velocities (c = 1).
As the mismatch in dimensions can be regarded as
an action factor, it seems natural to multiply HYM +
HYM/t+HYM/m by Planck’s constant ~. We do that im-
plicitly by using ~ as the unit of action (~ = 1), thus elim-
inating the dimensional mismatch. However, this choice
of units implies that, in HYM +HYM/t, we actually deal
with the energy of gravitational field quanta, which is
clearly not the most appropriate energy scale when we
usually consider problems involving gravity. We hence in-
troduce a very small dimensionless parameter ΛE to scale
down the typical energy associated with gravitationally
interacting masses to the level of graviton energies,
H = HYM +HYM/t +HYM/m + ΛE(Ht/m +Hm). (74)
In the Lagrangian formulation in Eq. (52) of [2], it can be
recognized that ΛE plays the role of a dimensionless cos-
mological constant in general relativity. We hence write
ΛE =
(
ℓp
D
)2
, (75)
where ℓp =
√
~G/c3 =
√
G is the Planck length and D is
the diameter of the observable universe. This parameter
ΛE can be estimated to be of the order of 10
−124. It is
interesting to note that even our formulation of classical
gravity requires an action constant. A similar situation
arises in formulating the entropy of a classical ideal gas,
indicating that a deeper understanding of an ideal gas
requires quantum theory. The same conclusion may be
true for a deeper understanding of gravity.
C. Modified field equations
In the presence of matter, the dynamic aspects of the
composition rule (7) are affected by the Hamiltonian
Ht/m, but not its static aspects. In other words, the pri-
mary constraints are unchanged whereas the evolution
equations for the tetrad variables get modified. As Vκλ
is assumed to be symmetric, only the evolution equations
(17), (20) and (21) for hκλ get changed,
∂hkl
∂t
=
1
2
(
∂h0l
∂xk
+
∂h0k
∂xl
)
+A(0k)l +A(0l)k
− 1
2g˜
(
∂ω0l
∂xk
+
∂ω0k
∂xl
)
+ 2ΛEVkl, (76)
∂h0l
∂t
=
∂hln
∂xn
−K ∂h
ν
ν
∂xl
+ 2ΛEV0l, (77)
and
∂h00
∂t
=
∂h0l
∂xl
− K
1−K
[
2A(0l)l −
1
g˜
∂ω0l
∂xl
]
+2ΛEV00. (78)
Equations (77) and (78) imply a tiny modification of the
coordinate conditions (19).
The Hamiltonian HYM/m given in Eq. (71) depends
only on the spatial components of the Yang-Mills fields,
so that the evolution equations (39), (41) and (42) for
the temporal components of the Yang-Mills fields remain
unaffected. Equation (40) gets modified to
∂A
(0l)
j
∂t
= −E(0l)j +
∂A
(0l)
0
∂xj
− Cjl + δjl C00, (79)
and
∂A
(kl)
j
∂t
= −E(kl)j +
∂A
(kl)
0
∂xj
+ δjkC0l − δjlC0k. (80)
whereas Eqs. (43) and (44) become
∂E
(0l)
j
∂t
= −∂E
(0l)
0
∂xj
− ∂
2A
(0l)
j
∂xn∂xn
+
∂2A
(0l)
n
∂xj∂xn
− J (0l)j
− ∂Cj0
∂xl
+ δjl
∂Cn0
∂xn
, (81)
and
∂E
(kl)
j
∂t
= −∂E
(kl)
0
∂xj
− ∂
2A
(kl)
j
∂xn∂xn
+
∂2A
(kl)
n
∂xj∂xn
+
∂Cjk
∂xl
− ∂Cjl
∂xk
+ δjk
∂Cnl
∂xn
− δjl ∂Cnk
∂xn
. (82)
The fact that Cµν occurs in Eqs. (79) and (80) for the
gauge vector fields underlines that the coupling of the
stress tensor to the workhorse theory of composite gravity
does not happen via the usual flux mechanism for Yang-
Mills theories.
The occurrence of hµν in Eq. (66) implies that the evo-
lution equations (32)–(34) for the symmetrized conjugate
momenta h˜κλ get modified, too. We find
∂h˜kl
∂t
=
∂(h˜0k − g˜ω˜0k)
∂xl
+
∂(h˜0l − g˜ω˜0l)
∂xk
− 2Kδkl
∂(h˜0n − g˜ω˜0n)
∂xn
+ 2ΛE T
kl, (83)
∂h˜00
∂t
= 2K
∂h˜0l
∂xl
+ 2g˜ (1−K) ∂ω˜
0l
∂xl
+ 2ΛE T
00, (84)
and
∂h˜0l
∂t
=
1
2
∂h˜ln
∂xn
+
1
2
∂h˜00
∂xl
+ 2ΛE T
0l. (85)
The occurrence of the energy-momentum tensor in
Eqs. (83)–(84) is a very important qualitative modifi-
cation. As anticipated, the conjugate momenta of the
tetrad variables do not vanish in the presence of matter.
Remember, however, that the dimensionless parameter
ΛE is extremely small.
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D. Modified constraints
In the presence of matter, the primary constraints (23)
and (24) remain unchanged. The secondary constraints
(46) change to
E
(kl)
j =
∂A
(0j)
l
∂xk
− ∂A
(0j)
k
∂xl
− ΛE
(
∂Vjl
∂xk
− ∂Vjk
∂xl
)
+ δjk C0l − δjl C0k, (86)
whereas Eq. (47) becomes
E
(0l)
k − E(0k)l = ΛE
(
∂V0l
∂xk
− ∂V0k
∂xl
)
. (87)
The tertiary constraints (48) become
∂E
(kl)
0
∂xj
− ∂E
(0j)
l
∂xk
+
∂E
(0j)
k
∂xl
=
∂
∂xn
(
∂A
(kl)
n
∂xj
− ∂A
(kl)
j
∂xn
)
+ΛE
∂
∂t
(
∂Vjl
∂xk
− ∂Vjk
∂xl
)
+ δjk G1
∂T00
∂xl
− δjlG1
∂T00
∂xk
,
(88)
and Eq. (49) changes to
∂E
(0l)
0
∂xk
− ∂E
(0k)
0
∂xl
=
∂E
(kl)
n
∂xn
+ ΛE
∂
∂xµ
(
∂V µl
∂xk
− ∂V
µk
∂xl
)
.
(89)
Finally, the quaternary constraints (52) and (53) become
∂J (0l)j
∂xk
− ∂J
(0k)j
∂xl
= −ΛE ∂
2
∂xµ∂xµ
(
∂V jl
∂xk
− ∂V
jk
∂xl
)
,
(90)
and
∂J (0l)0
∂xk
− ∂J
(0k)0
∂xl
= −ΛE ∂
2
∂xµ∂xµ
(
∂V 0l
∂xk
− ∂V
0k
∂xl
)
.
(91)
At this stage we have to make a proper choice of the
functions V κλ in the Hamiltonian in order to avoid fur-
ther constraints that would quickly make it impossible
to find any solutions to the entire set of constraints. For
this purpose we added a coupling of matter to the tetrad
variables in addition to the more obvious coupling to the
Yang-Mills variables. As a first step, we want to identify
further vanishing conjugate tetrad variables because, ac-
cording to Eq. (29), only the variables ω˜0l and h˜kl carry
essential information. Careful inspection of the struc-
ture of the evolution equations suggests the following
choices of vanishing variables in addition to those given
in Eq. (31),
h˜00 = 0, h˜0l − g˜ω˜0l = 0. (92)
The evolution equations for the conjugate tetrad vari-
ables then reduce to the much simpler form
∂h˜kl
∂t
= 2ΛE T
kl,
∂h˜kl
∂xl
= −2ΛE T k0, (93)
and
g˜
∂ω˜0l
∂t
= ΛE T
0l, g˜
∂ω˜0l
∂xl
= −ΛE T 00. (94)
Note that the consistency between the two members of
each equation is guaranteed by energy-momentum con-
servation.
The quaternary constraints can now be satisfied if we
construct V κλ by solving the Poisson equations
J (0l)ν = −ΛE ∂
2V lν
∂xµ∂xµ
, (95)
where suitable initial and boundary conditions need to be
imposed to find V lν . There is no need to choose any par-
ticular form of V 00 because, according to Eq. (95), there
is no flux component associated with it. We hence as-
sume V 00 = 0, unless there is any particular need to mod-
ify Eq. (78). Note that ν is a four-vector index whereas l
is related to the labels of the Lie algebra (more precisely,
l is the label for the Lorentz boosts). Equations (93) and
(94) can now be written as
∂
∂t
∂2V lν
∂xµ∂xµ
= T lν ,
∂
∂xl
∂2V lν
∂xµ∂xµ
= −T 0ν. (96)
implying that V lν and Ht/m have dimensions of mass or
energy (c = 1). As announced, V lν is determined by the
energy-momentum tensor and vanishes in the absence of
matter.
Note that the three derivatives in Eq. (96) are required
to go from the level of lowest derivatives (tetrad vari-
ables) to the level of highest derivatives (conjugate tetrad
variables), with the gauge vector fields and their conju-
gates in between (compare, for example, Eqs. (76) and
(83)). Note that the different numbers of derivatives oc-
curring in the various fields are also reflected in the dif-
ferent powers of L−1 in Table II.
In the presence of matter, the procedure for selecting
among the solutions of the Yang-Mills theory with exter-
nal fluxes extends the idea of composite theories. This
selection criterion should provide stability instead of the
vanishing conjugate momenta associated with the tetrad
variables for the composite theory of pure gravity. Again,
the selection is very restrictive so that the composite the-
ory of gravity possesses only few degrees of freedom.
E. Compact form of theory
As in Section IIID, we would like to find a closed set of
differential equations for the tetrad variables, but now in
the presence of matter. Again we need to express all the
Yang-Mills variables in terms of the tetrad variables. Ex-
pressions for the vector fields Aaµ can be obtained from
the evolution equations (18), (22), (76) and the primary
constraints (23). Their conjugates Eaµ can then be ex-
tracted from the original evolution equation (39) for the
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temporal components and the modified equations (79),
(80) for the spatial components of the gauge vector fields.
For the convenience of the reader, the explicit represen-
tations are listed in Appendix B. By construction, these
expressions satisfy the primary constraints identically.
We only need to consider the evolution equations
for the conjugate Yang-Mills fields Eaµ (the higher con-
straints can be verified in a straightforward manner).
From Eq. (82) we obtain
∂
∂xl
(
1
2
∂2hjk
∂xµ∂xµ
+ Cjk
)
+ δjk
∂Clµ
∂xµ
=
∂
∂xk
(
1
2
∂2hjl
∂xµ∂xµ
+ Cjl
)
+ δjl
∂Ckµ
∂xµ
. (97)
By using that the tensor Tµν in Eq. (72) satisfies the
energy-momentum conservation (70), we obtain the fol-
lowing generalization of Eq. (55) ,
1
2
∂2hkl
∂xµ∂xµ
+G1
(
Tkl − 1
2
T λλ ηkl
)
+ 2G2T
λ
λ ηkl =
1
2
∂2f
∂xk∂xl
, (98)
where the function f results from integration of the third-
order equations. From Eq. (42) we obtain another inte-
grability condition,
∂
∂xl
(
1
2
∂2h0k
∂xµ∂xµ
+G1T0k
)
=
∂
∂xk
(
1
2
∂2h0l
∂xµ∂xµ
+G1T0l
)
.
(99)
From Eqs. (41) and (81) we obtain after using Eqs. (70)
and (95),
∂
∂xl
[
1
2
∂2h00
∂xµ∂xµ
+G1
(
T00 − 1
2
T λλ η00
)
+2G2T
λ
λ η00
]
=
∂
∂t
(
1
2
∂2h0l
∂xµ∂xµ
+G1T0l
)
, (100)
and
∂
∂t
[
1
2
∂2hjl
∂xµ∂xµ
+G1
(
Tjl − 1
2
T λλ ηjl
)
+ 2G2T
λ
λ ηjl
]
=
∂
∂xl
(
1
2
∂2h0j
∂xµ∂xµ
+G1T0j
)
, (101)
respectively. Again, the choice (95) of V lν is of crucial
importance because it leads to further integrability con-
ditions. Equations (99)–(101) allow us to extend the dif-
ferential equation (98) to all components,
1
2
∂2hµν
∂xλ∂xλ
+G1
(
Tµν −
1
2
T λλ ηµν
)
+ 2G2T
λ
λ ηkl =
1
2
∂2f
∂xµ∂xν
, (102)
possibly after a minor modification of f .
The compact equation (102) has a remarkable similar-
ity with the linearized version of Einstein’s field equation
(A6) with the curvature tensor (A18) in a harmonic co-
ordinate system, provided that we choose
G1 = 8πG, G2 = 0, (103)
and f = 0. The freedom of choosing the function f is
the only leftover from the higher derivative nature of the
theory. It gives us the remarkable possibility to mimic
the local gauge degree of freedom associated with the
general coordinate transformations employed to achieve
the one-parameter family of coordinate conditions (19),
although the composite theory is defined in Minkowski
space.
F. Isotropic solution revisited
As an application of our compact equations, we con-
sider a massM resting at the origin, which is represented
by an energy-momentum tensor Tµν with only one non-
vanishing component, T00 = Mδ
3(x). Equation (96) re-
quires nonzero components V l0. A simple solution of this
equation is found to be
V l0 =
M
8π
xl
r
, (104)
which describes a purely orientational effect. The com-
plete list of conjugate tetrad variables is given by
h˜0l = g˜ω˜0l = −ΛEM
4π
xl
r3
, ω˜kl = h˜kl = h˜00 = 0. (105)
Note that the modification of the coordinate condition
(77) is extremely tiny, but independent of the distance
from the central mass.
We now focus on the field equations (102) with the
parameter choices (103). Away from the origin, these
equations have already been solved in Section III F. By
integrating the simplified field equations
∂2h00
∂xn∂xn
+G1T00 = 0,
∂2(hll − f)
∂xn∂xn
+ 3G1T00 = 0,
(106)
over a sphere around the origin and using hll−f = 3(α¯+
ξ¯), we find r0 = MG and c¯ = 1 for the coefficients in the
solution (64), (65). More details about isotropic solutions
can be found in Appendix C.
G. Modified particle motion
For obtaining the motion of a particle with mass m in
a gravitational field, it is convenient to divide the Hamil-
tonian (74) by ΛE because the resulting equations then
look more familiar. Whereas the variational problem of
the Lagrangian approach is clearly unaffected by such a
constant factor, it corresponds to a rescaling of the parti-
cle momentum variables in the Hamiltonian formulation.
However, the particle trajectories remain unchanged.
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We assume that the influence of the Hamiltonian Ht/m
is negligibly small and only Hm and HYM/m contribute
to the particle motion. This assumption is justified by
the extremely small factor ΛE in h˜
κλ (see, for example,
Eq. (105) for static isotropic fields). The Hamiltonian
Ht/m might have an influence of the motion of mass only
on cosmological length and time scales.
The resulting evolution equation for the particle mo-
mentum is given by
dpj
dt
=
pµpν
2γm
∂
∂xj
[
hµν − 2
ΛE
(
G1R˚µν +G2ηµνRλλ
)]
,
(107)
where we have used the expression (A21) forHYM/m, and
the evolution of the particle position is governed by(
1 +
1
2
h00 − pkplh
kl
2γ2m2
)
dxj
dt
=(
δjµ − hjµ + 2G1
ΛE
R˚jµ
)
pµ
γm
(108)
+
1
ΛE
[
G1
(
R˚00 − pkplR˚
kl
γ2m2
)
+G2
Rλλ
γ2
]
pj
γm
.
The factor in parentheses on the left-hand side of
Eq. (108) simply changes dxj/dt into dxj/dτ , where τ
is the proper time of the particle moving in a gravita-
tional field.
For the static isotropic solution in the weak-field ap-
proximation, the curvature tensor vanishes. Equations
(107) and (108) then describe geodesic motion. However,
this should not be taken for granted. For the fully nonlin-
ear composite theory of gravity, it has been shown in Ap-
pendix A of [2] that only Rλλ and R00 vanish (however,
that result was found in a standard quasi-Minkowskian
coordinate system that does not satisfy the coordinate
conditions (19)). If one still wants to achieve geodesic
motion then one would have to choose the scalar cou-
pling of fields and matter through G2 rather than the
tensorial coupling through G1. A more appealing op-
tion is to search for coordinate conditions characterizing
a backgroundMinkowski system that leads to a vanishing
curvature tensor in matter-free space.
V. SUMMARY AND CONCLUSIONS
The main insight from this paper is this: A lot of things
could go wrong with composite gravity, but they don’t.
The canonical Hamiltonian formulation of the compos-
ite theory of gravity obtained by expressing the gauge
vector fields of the Yang-Mills theory based on the
Lorentz group in terms of tetrad or vierbein variables
requires 80 fields, not counting any ghost fields for han-
dling gauge conditions. A large number of constraints
should arise, so that gravity has only a few degrees of
freedom, but not so many that the theory would not ad-
mit any solutions. In addition to constraints associated
with gauge degrees of freedom, there are constraints re-
sulting from the composition rule. Quite miraculously,
we obtain exactly the right total number of constraints.
In the presence of matter, securing solutions by avoid-
ing too many constraints requires a consistently matched
double coupling of matter to both Yang-Mills and tetrad
fields. The possibility of finding a proper number of nat-
ural constraints relieves the pressure to use smaller Lie
groups like SU(2), which is behind the Ashtekar variables
proposed for a canonical approach to gravity in the con-
text of dreibein variables [40, 41].
Composite theories involve higher derivatives and are
hence prone to instability. For composite gravity, one
would expect fourth-order differential equations. How-
ever, the constraints lead to a very special feature of
composite higher derivative theories: they select solu-
tions from a workhorse theory. For composite gravity
this means that we deal with selected solutions of the
Yang-Mills theory based on the Lorentz group. In the
presence of matter, the Yang-Mills theory includes suit-
able external fluxes. This selection effect guarantees the
elimination of instabilities. As the selection is very re-
strictive, we hope that it also helps to eliminate poten-
tial problems associated with the non-compact nature of
the Lorentz group (Yang-Mills theories are usually based
for good reasons on compact Lie groups). As composite
gravity provides selected solutions of a Yang-Mills theory,
it is much closer to the standard treatment of electroweak
and strong interactions than general relativity.
As a consequence of the equivalence principle, grav-
ity is all about geometry. However, this remark does
not imply that gravity must necessarily be interpreted
as curvature in space-time [42]. The composite theory
of gravity expresses the Yang-Mills fields associated with
the Lorentz group in terms of the tetrad fields associated
with a space-time metric. This metric is only used for ex-
pressing momenta in terms of velocities and may hence
be interpreted as an anisotropy of mass. The metric has
no effect on the measure used for the integrations in the
Hamiltonian or Lagrangian, which are performed in an
underlying Minkowski space. Nevertheless, the particle
motion in the field around a central mass turns out to
be geodesic. And nevertheless, the field equations for
a tensorial coupling of the gravitational field to matter
are remarkably similar to general relativity in the weak-
field approximation. In the nonlinear regime, however, it
might turn out to be necessary to use the scalar coupling
to guarantee the geodesic motion of particles.
The canonical Hamiltonian formulation of the evolu-
tion equations of composite gravity in a large space is
clearly advantageous for quantization. The constraints
resulting from the composition rule are found to be gauge
invariant, second class constraints. This suggests that, in
the quantization process, they can be treated via Dirac
brackets, and the gauge constraints can be treated inde-
pendently with the BRST procedure. Therefore, quan-
tization of linearized composite gravity in the context of
dissipative quantum field theory [20] seems to be straight-
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forward. A compact formulation of the equations for
the metric is advantageous for solving practical prob-
lems, even though these second-order differential equa-
tions have some special features: a free function appears
as a result of eliminating higher derivatives by integra-
tion; this function is reminiscent of gauge degrees of free-
dom in general relativity.
The steps carried out here in great detail for the
weak-field approximation should provide guidance for the
proper canonical treatment of the fully nonlinear compos-
ite theory of gravity proposed in [2]. Whereas many of
the steps are straightforward and may actually be more
transparent in the nonlinear setting (for example, true
vector indices can be recognized more easily), special at-
tention must be paid to the coordinate conditions that we
want to use for characterizing appropriate Minkowskian
coordinate systems (see Appendix C). It would be desir-
able to find coordinate conditions for which the curvature
tensor vanishes in empty space. Moreover, one needs to
make a choice between coordinate conditions that are
more in the spirit of general relativity or better matched
to the assumption of a background Minkowski metric.
Appendix A: From Lagrangian to Hamiltonian for
coupling of field to matter
The goal of this appendix is to derive the contribution
to the Hamiltonian that expresses the coupling of the
Yang-Mills field for the Lorentz group to matter. We
emanate from the following Lagrangian for a pure Yang-
Mills theory,
L = −
∫ (
1
4
F aµνF
µν
a +
1
2
∂Aaµ
∂xµ
∂Aνa
∂xν
)
d3x, (A1)
where, in the weak-field approximation, the field tensor
is given by
F aµν =
∂Aaν
∂xµ
− ∂A
a
µ
∂xν
. (A2)
The second contribution in Eq. (A1) represents a covari-
ant gauge breaking term for removing degeneracies asso-
ciated with gauge invariance (the particular form corre-
sponds to the convenient Feynman gauge).
For the Yang-Mills theory based on the Lorentz group
we can replace summations over a by summations over
κ˜, λ˜ according to Table I. If we sum over all pairs (κ˜, λ˜)
and assume antisymmetry in κ˜, λ˜ [cf. Eq. (7)], each term
occurs twice. We include the coupling of the Yang-Mills
field to matter by generalizing Eq. (A1) to
L=−
∫ [
1
8
(F (κ˜λ˜)µν +H
κ˜λ˜
µν )(F
µν
(κ˜λ˜)
+Hµν
κ˜λ˜
)+
1
2
∂Aaµ
∂xµ
∂Aνa
∂xν
]
d3x,
(A3)
where the fourth-rank tensor H κ˜λ˜µν is assumed to have
the same antisymmetries in κ˜, λ˜ and µ, ν as F
(κ˜λ˜)
µν . We
now assume that H κ˜λ˜µν is a linear function of the energy-
momentum tensor of matter. The natural way of building
a fourth-rank tensor with the required antisymmetries
from a symmetric second-rank tensor Cµν is
H κ˜λ˜µν = C
κ˜
µδ
λ˜
ν − Cλ˜µδκ˜ν − Cκ˜νδλ˜µ + Cλ˜νδκ˜µ, (A4)
where we assume that the matter tensor Cµν is a lin-
ear combination of the trace-free and trace parts of the
energy-momentum tensor Tµν . This assumption is moti-
vated by the equations of general relativity.
Einstein’s (linearized) field equation is usually written
in the form
Rµν − 1
2
Rλλ ηµν = −8πGTµν , (A5)
or in the alternative form
Rµν = −8πG
(
Tµν − 1
2
T λλ ηµν
)
. (A6)
In Eq. (A5), the energy-momentum tensor Tµν on the
right-hand side is divergence free (conservation of energy
and momentum), so that it has to be matched with the
divergence free version of the curvature tensor Rµν on
the left-hand side (Bianchi identity). Equation (A6) is
obtained by means of the trace equation,
Rλλ = 8πGT
λ
λ, (A7)
which follows by taking the trace of either version of
Einstein’s field equation. A particularly useful form of
Einstein’s field equation for our purposes is obtained by
equating trace-free tensors rather than divergence-free
tensors,
R˚µν = −8πG T˚µν , (A8)
with the trace-free tensors
R˚µν = Rµν − 1
4
Rλλ ηµν , (A9)
and
T˚µν = Tµν −
1
4
T λλ ηµν . (A10)
Of course, Eq. (A8) now needs to be supplemented by
Eq. (A7) to reproduce the full content of Einstein’s field
equations. The clear separation between trace-free and
trace parts motivates our choice
Cµν = G1 T˚µν +G2 ηµνT
λ
λ, (A11)
in Eq. (A4), where the coefficients G1, G2 must have the
same dimensions as Newton’s constant G (cf. Table II).
From the Lagrangian (A3), we obtain the conjugate
momenta
Eaν = −
δL
δA˙νa
= −∂A
a
ν
∂t
+
∂Aa0
∂xν
+ δ0ν
∂Aaµ
∂xµ
−H κ˜λ˜0ν . (A12)
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These equations can also be regarded as evolution equa-
tions for Aaν (due to the gauge breaking term, even for
ν = 0). The evolution equations for Eaν are given by
∂Eaν
∂t
= − δL
δAνa
(A13)
= −∂(F
a
nν +H
κ˜λ˜
nν )
∂xn
− ∂
∂xµ
(
∂Aaµ
∂xν
− δ0ν
∂Aaµ
∂t
)
.
We can now evaluate the Hamiltonian H as the Leg-
endre transform of L,
H = HYM (A14)
+
∫ (
1
4
F (κ˜λ˜)mn H
mn
κ˜λ˜
− 1
2
E(κ˜λ˜)n H
0n
κ˜λ˜
+
1
8
H κ˜λ˜mnH
mn
κ˜λ˜
)
d3x,
where HYM is given in Eq. (26). The contribution from
1
8
H κ˜λ˜mnH
mn
κ˜λ˜
=
1
2
(
CλνC
ν
λ+C
l
l C
n
n−C00 C00
)
, (A15)
describes a direct local self-interaction of matter. Such
self-interactions are a well-known problem and should be
analyzed within a careful renormalization procedure. We
here simply add the corresponding contribution to the
Lagrangian and thus eliminate it from the Hamiltonian.
The remaining contribution characterizes the coupling
between field and matter,
HYM/m =
∫ (
1
4
F (κ˜λ˜)mn H
mn
κ˜λ˜
− 1
2
E(κ˜λ˜)n H
0n
κ˜λ˜
)
d3x (A16)
=
∫ (
F
(λn)
jn C
j
λ − E(λj)j C0λ − E(0l)j Cj l
)
d3x.
Note that the fields F
(λn)
jn contain only spatial derivatives
of the spatial components of Aaµ, and no time derivatives.
This expression for HYM/m suggests that
Rµν = F
(µλ)
νλ , (A17)
is an interesting tensor to look at. By using Eqs. (7) and
(A2), we arrive at the following explicit representation in
terms of the metric,
Rµν =
1
2
(
∂2hµν
∂xλ∂xλ
− ∂
2hµλ
∂xλ∂xν
− ∂
2hλν
∂xµ∂xλ
+
∂2hλλ
∂xµ∂xν
)
,
(A18)
which can be recognized as the Ricci curvature tensor
in the weak-field approximation [see, e.g., Eq. (7.6.2) of
[35] or Eq. (B5) of [2]; cf. also Eq. (58)]. By means of
Eqs. (A17) and (A12), we can evaluate
RµνC
ν
µ = F
(λn)
jn C
j
λ − E(λj)j C0λ − E(0l)j Cj l
− (H0µ0ν +Hµj0j δ0ν)Cνµ. (A19)
If we define
Rµν = Rµν +H0µ0ν +Hµj0j δ0ν , (A20)
the Hamiltonian (A16) can be rewritten as
HYM/m =
∫
RµνCνµ d3x. (A21)
For pure gravity, that is, in the absence of matter or
for H κ˜λ˜µν = 0, the tensor Rµν coincides with the curva-
ture tensor Rµν . This simple direct coupling of curva-
ture tensor and energy-momentum tensor suggests that
the developments of this appendix are very natural and
appealing.
Note that the arguments given in this appendix are not
restricted to the weak-field approximation (A2). Gener-
alization to the full theory is straightforward. Even the
formula (A17) can be generalized (for g˜ = 1).
Appendix B: Representation of Yang-Mills fields in
terms of tetrad variables
In addition to the modified composition rule for the
gauge vector fields resulting from the presence of matter,
A(0l)µ =
1
2
(
∂hlµ
∂t
− ∂h0µ
∂xl
)
+
1
2g˜
∂ω0l
∂xµ
− ΛEVlµ, (B1)
A(kl)µ =
1
2
(
∂hlµ
∂xk
− ∂hkµ
∂xl
)
+
1
2g˜
∂ωkl
∂xµ
, (B2)
we have the representation of their conjugate momenta
obtained from the evolution equations (39), (79) and
(80):
E(0l)0 =
1
2
∂
∂xµ
(
∂hlµ
∂t
− ∂h0µ
∂xl
)
− ΛE ∂Vlµ
∂xµ
, (B3)
E(kl)0 =
1
2
∂
∂xµ
(
∂hlµ
∂xk
− ∂hkµ
∂xl
)
, (B4)
E(0l)j =
1
2
(
∂2h0j
∂xl∂t
− ∂
2hlj
∂t2
− ∂
2h00
∂xj∂xl
+
∂2h0l
∂xj∂t
)
+ Cjl − δjl C00 + ΛE
(
∂Vlj
∂t
− ∂Vl0
∂xj
)
, (B5)
and
E(kl)j =
1
2
(
∂2hkj
∂xl∂t
− ∂
2hlj
∂xk∂t
− ∂
2h0k
∂xj∂xl
+
∂2h0l
∂xj∂xk
)
+ δjk C0l − δjl C0k. (B6)
Appendix C: Static isotropic solution in harmonic
coordinates
Static isotropic solutions play an important role in the
theory of gravity. They are the starting point (i) for
many of the predictions that have been tested with high
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precision and (ii) for the theory of black holes. We here
offer a few remarks on the role of coordinate conditions in
the fully nonlinear composite theory of gravity for static
isotropic solutions.
We start with the static isotropic solutions of the Yang-
Mills theory, from which the solutions of the composite
theory are then selected. We assume that these solutions
are of the form
Aaν = Y (r)T
a
lν x
l, (C1)
with r = (x21 + x
2
2 + x
2
3)
1/2. More explicitly, by means of
the definition (6), the 24 components of Aaν can be listed
in matrix form,
Aaν = Y


x1 x2 x3 0 0 0
0 0 0 0 −x3 x2
0 0 0 x3 0 −x1
0 0 0 −x2 x1 0

 , (C2)
where the index a of the Lie algebra (see Table I) labels
the columns and the space-time index ν labels the rows.
The function Y has to be determined from the Yang-
Mills equations for the gauge vector field (C1). The field
equations for gauge vector fields of this form and their
solutions have been discussed in Section V of [2]. Most
remarkable is the closed-form solution of the fully non-
linear equations,
Y =
1
r2(g˜ + r/r0)
, (C3)
with a free parameter r0, which is closely related to the
Schwarzschild radius.
As a next step, one should choose the form of the static
isotropic metric to be used in the composition rule for the
gauge vector field (C1). It is well known from general rel-
ativity that the proper form of the isotropic metric de-
pends on the choice of coordinates (see, e.g., Eq. (8.1.3) of
[35]). The choice of coordinates does not matter in gen-
eral relativity, where general coordinate transformations
are possible, but is does matter in the composite theory of
gravity, where only Lorentz transformations in the back-
ground Minkowski space are allowed. We here compare
standard quasi-Minkowskian coordinates (see Section 8.1
of [35]) and harmonic coordinates.
In the previous work [2], we used standard quasi-
Minkowskian coordinates for associating a metric with
the Yang-Mills solution (C2), (C3). An important con-
clusion was that g˜ should approach 0 to reproduce the
high-precision predictions of general relativity and that
particularly nice black hole solutions result when 0 is ap-
proached from below. However, these conclusions depend
on the assumption that composite gravity can be applied
meaningfully in standard quasi-Minkowskian coordinates
(as their name might suggest).
For comparison, we here consider harmonic coordi-
nates, which can be defined in more general situations
and may be regarded as nearly Minkowskian (see, e.g.,
pp. 163 and 254 of [35]). We assume the following form
of a static isotropic metric (see, e.g., Eq. (8.1.3) of [35]),
which is sufficiently general for imposing harmonic coor-
dinate conditions:
gµν =
(
−β 0
0 α δmn + ξ
xmxn
r2
)
, (C4)
with inverse
g¯µν =
(
− 1β 0
0 δmnα − ξα(α+ξ) xmxnr2
)
. (C5)
In our previous work based on standard quasi-
Minkowskian coordinates, we assumed α = 1, β = B,
and ξ = A−1 [2]. We are now interested in solutions gµν
of the nonlinear theory that satisfy the harmonic coordi-
nate conditions
g¯µν
∂gρν
∂xµ
=
1
2
g¯µν
∂gµν
∂xρ
. (C6)
According to these conditions, the functions in Eq. (C4)
are related by the differential equation
ξ′
α+ ξ
− α+ 2ξ
α+ ξ
α′
α
+
4ξ
rα
=
β′
β
, (C7)
where a prime on a function of r indicates the derivative
with respect to r.
The Schwarzschild solution of general relativity in har-
monic coordinates is given by (see, e.g., Eq. (8.2.15) of
[35])
α =
(
1 +
r0
r
)2
, β =
r − r0
r + r0
, ξ =
r + r0
r − r0
r20
r2
. (C8)
One can easily verify that the functions given in Eq. (C8)
indeed satisfy Eq. (C7). For the Schwarzschild solution,
we moreover have (α+ ξ)β = 1.
Note that the harmonic coordinate conditions (C6) are
Lorentz covariant. The same would be true for the fol-
lowing class of simpler coordinate conditions,
ηµν
∂gρν
∂xµ
= Kηµν
∂gµν
∂xρ
, (C9)
which leads to
(3K − 1)α′ +Kβ′ + (K − 1)ξ′ = 2ξ
r
. (C10)
As pointed out before, in composite gravity, solutions for
different coordinate conditions are not equivalent. The
condition (C6) is very much inspired by the thinking of
general relativity. Once the decision in favor of a back-
ground Minkowski space has been made, Eq. (C9) may
actually be the more appropriate choice.
Our construction of Yang-Mills fields is based on the
symmetric tetrad variables obtained by factorizing the
metric (C4),
bκµ =
(√
β 0
0
√
α δkm + (
√
α+ ξ −√α)xkxmr2
)
, (C11)
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with inverse
b¯µκ =
(
1√
β
0
0 δmk√
α
+ ( 1√
α+ξ
− 1√
α
)xmxkr2
)
. (C12)
The nonlinear decomposition rule
AaνT
a
κλ =
1
2
b¯µκ
(
∂gµν
∂xµ′
− ∂gµ′ν
∂xµ
)
b¯µ
′
λ
+
1
2g˜
∂bκ
′
µ
∂xν
(
b¯µκ ηκ′λ − b¯µλ ηκ′κ
)
, (C13)
leads to two equivalent representations of Y ,
Y =
1
2r2
ξ − rα′√
(α+ ξ)α
+
1
g˜ r2
(
1− 1
2
√
α
α+ ξ
− 1
2
√
α+ ξ
α
)
,
(C14)
and
Y =
1
2r
β′√
(α+ ξ)β
. (C15)
For harmonic coordinates, we find the second-order
Robertson expansions
α = 1 +
2r0
r
− g˜ r
2
0
r2
, β = 1− 2r0
r
+ g˜
r20
r2
, ξ =
4r20
r2
.
(C16)
Similar expansions can be obtained for the coordinate
conditions (C9), provided that K = 1/2. By match-
ing the terms that contribute to the high-precision pre-
dictions of general relativity with the expansions of the
Schwarzschild solution (C8), we find g˜ = 2 from the
second-order expansion of β.
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